Abstract. We give a simple universal property of the multiplicative structure on the Thom spectrum of an n-fold loop map, obtained as a special case of a characterization of the algebra structure on the colimit of a lax Omonoidal functor. This allows us to relate Thom spectra to En-algebras of a given characteristic in the sense of Szymik. As applications, we recover the Hopkins-Mahowald theorem realizing HFp as a Thom spectrum, and compute the topological Hochschild homology and the cotangent complex of various Thom spectra.
Thom spectra are remarkable in that they often belong to the intersection: Classical examples include cobordism spectra, whose homotopy groups and other invariants often turn out to be completely computable. As another beautiful example, Mahowald [Mah79] proves that the Eilenberg-Mac Lane spectra HF 2 and HZ can be realized as Thom spectra, an observation which he applies in his construction of new elements in the homotopy groups of spheres [Mah77] . Similar ideas also play a role in the proof of the nilpotence theorem by Devinatz, Hopkins, and Smith [DHS88] .
From a more conceptual point of view, work of Lewis and May [LMSM86] , Sullivan [Sul05] , and May and Sigurdsson [MS06] places the theory of Thom spectra in the context of parametrized spectra and thus reveals the underlying geometry of the construction. We are interested here in how this framework accounts for some of the good algebraic properties of Thom spectra.
Outline and main results. In [ABG
+ 14a] and [ABG11] , the authors describe a convenient model of Thom spectra as homotopy colimits of diagrams whose shape is given by the base space. Their approach is closely related and essentially equivalent to the earlier models cited above, but is expressed in the language of ∞-categories. The study of multiplicative structures on Thom spectra can thus take place in the setting of O-monoidal functors between O-monoidal ∞-categories.
Section 2 first explains the situation in ordinary category theory that we then extend to O-monoidal ∞-categories, proving our general characterization of the algebra structure of colimits of lax O-monoidal functors in Theorem 2.13. This is used in Section 3 to deduce the universal property of the multiplicative structure of Thom spectra of n-fold loop maps, see Theorem 3.5.
Theorem. If X is an E n -space and f : X → Pic(S 0 ) an E n -map, then the space Map Alg En S 0 (M f, A) is equivalent to the space of E n -lifts of f indicated below:
This generalizes earlier structural results about Thom spectra proven by Lewis [LMSM86] and in [ABG + 14a], as we show at the end of that section. Furthermore, we deduce a theorem of Chadwick and Mandell [CM13] , describing E n -orientations.
We start Section 4 by introducing a notion of characteristic for E n -algebras in spectra, a straightforward extension of the E ∞ -case studied previously by Szymik [Szy12, Szy13] ; see also [Bak] for related ideas. It is easy to construct an initial example of an algebra of characteristic χ, denoted S 0 En χ. We then show that these algebras satisfy the same universal property as certain Thom spectra naturally corresponding to them, which gives our second main result, Theorem 4.10.
Theorem. For any n and any k ≥ 1 and f : S k → BGL 1 S 0 with corresponding nfold loop mapf : Ω n Σ n S k → BGL 1 R and with associated characteristic χ = χ(f ), there is an equivalence Mf = S 0 En χ. This theorem establishes a connection between Thom spectra and versal algebras which allows to transfer results proven for one class to the other. We illustrate this idea in Section 5. For instance, by specializing to n = 2 and (1 − p) = f p : S 1 → BGL 1 S 0 p and using Cohen's computation [CLM76] of the mod p cohomology of the free E 2 -algebra on S 1 , we recover the Hopkins-Mahowald theorem
Mf p = HF p .
Our argument simplifies the proofs given by Priddy [Pri78] and Cohen-May-Taylor [CMT81] in that it does not require Kochman's calculations of the homology operations of BO or computations of Steenrod operations, respectively. We then describe the topological Hochschild homology and the E n -cotangent complex of the E n -algebras considered above. Finally, we sketch work in progress aimed towards extending these methods to cover classes in negative homotopy groups as well.
Colimits of lax functors
2.1. Ordinary lax functors. Let F : C → D be a lax monoidal functor between two (ordinary) monoidal categories. Recall that this means that we are given a family of morphisms F X ⊗ F Y → F (X ⊗ Y ) natural in X and Y which are compatible with the associativity constraints in C and D. If C is small and D is monoidally cocomplete, by which we mean that D is cocomplete and ⊗ : D × D → D preserves colimits in each variable separately, then M := colimF acquires the structure of an algebra object in D. The multiplication µ : M ⊗M → M is obtained from the lax structure of F as follows: the composite morphisms
where the first isomorphism comes from the assumption that tensor products in D commute with colimits in each variable separately. This is an analogue in ordinary category theory of Lewis result that the Thom spectrum of a loop map is an E 1 -ring spectrum. If we are additionally given an algebra object A in D, the slice category D /A acquires a monoidal structure in which (W
is given by the composite
The projection functor π : D /A → D is, of course, monoidal.
The universal property we will give for the multiplicative structure of Thom spectra is an analogue of the following fact: morphisms M → A of algebra objects in D are in one to one correspondence with lax monoidal lifts of F through π:
In this setting, this fact is straightforward to verify: lax monoidal lifts are "lax monoidal cocones" over F with vertex A, and such cocones induce algebra morphisms M = colimF → A.
In Section 2.3 we will generalize this discussion in two ways: first, we will work with ∞-categories instead of ordinary categories; second, instead of considering only monoidal ∞-categories we will work with O-monoidal ∞-categories for an arbitrary ∞-operad O. (For applications we will take O to be the E n operad for some 0 ≤ n ≤ ∞.) Before doing that, however, let us recall some definitions from the theory of ∞-operads.
2.2.
A few words about ∞-operads. We recall some definitions about ∞-operads from chapters 2 and 3 of Lurie's Higher Algebra [Lur14] . The theory of ∞-operads developed there is the (∞, 1)-generalization of the theory of colored operads or symmetric multicategories. So an ∞-operad O has a collection of objects and for every finite (unordered) family {X i } i∈I of objects and any object Y there is a space of morphisms Mul O ({X i }, Y ). The definitions in [Lur14] Remark 2.1. To give some intuition for how the definition captures the notion of colored operad, think of the case of symmetric monoidal categories. These can be regarded as a special kind of operad in which Mul C ({X i } i∈I , Y ) = Hom C ( i∈I X i , Y ); but they can also be thought of as commutative monoids in the category of all categories, which using Segal's idea of Γ-spaces, can be encoded as appropriately weak functors Fin * → Cat satisfying certain conditions. Applying the (covariant) Grothendieck construction to such a functor one obtains a coCartesian fibration C ⊗ → Fin * . The definition of symmetric monoidal ∞-category is exactly what this would suggest: a coCartesian fibration of ∞-categories C ⊗ → N (Fin * ) satisfying an analogue of the Segal condition, and the definition of ∞-operad is a generalization of this.
An O-monoidal ∞-category is defined to be a coCartesian fibration
If O is the E 1 or E ∞ operad, this recovers the notion of monoidal ∞-category or symmetric monoidal ∞-category, respectively. Remark 2.2. Again, the intuition for this definition comes from the Grothendieck construction: morally, one would want to say that O-monoidal categories are Oalgebras in categories, or more precisely, morphisms of operads from O to the (∞, 2)-category of ∞-categories equipped with its symmetric monoidal structure. But instead of appealing to the theory of (∞, 2)-categories, it is much easier to describe what the result of applying a version of the Grothendieck construction would be and adopt the resulting coCartesian fibration as the definition.
Warning 2.3. In the case that O is an operad with a single color X, an O-monoidal ∞-category p : C ⊗ → O ⊗ can be thought of as an ∞-category C = p −1 (X) equipped with functors C n → C for each n-ary operation in O. Of course, something similar is true for multicolored O, except that instead of a single underlying ∞-category, there is an ∞-category C X = p −1 (X) for each object X of O, and a functor C Xi → C Y for each operation in Mul O ({X i }, Y ). The reader can pretend that whenever we mention an O-monoidal ∞-category, O has a single object without missing out on anything essential. Recall that the core of an ∞-category C is the maximal ∞-groupoid contained in C. If C is incarnated as a quasi-category, then the core C ≃ is easily described as a Kan complex: it is the subsimplicial set of C consisting of simplices all of whose edges are invertible morphisms of C. If C has an O-monoidal structure, then, as expected from the theory of ordinary monoidal categories, C ≃ inherits an O-monoidal structure as well. More precisely, we have: Proof. We will show that:
(1)q is a coCartesian fibration.
as an ∞-operad. The items 1 and 3 guarantee C ⊗ coCart is an O-monoidal category. We have placed item 2 in the middle because it will be used in the proof of 3.
Proof of 1. First we need to show thatq is an inner fibration of simplicial sets, i.e., we must show it has the right lifting property against inner horn inclusions. But q has this lifting property and the fillers only have 1-simplices not present in the horn in a single case: Λ 2 1 ֒→ ∆ 2 . Since coCartesian morphisms are closed under composition, the filler for q will also serve as a filler forq. Now we will show that all morphisms in C ⊗ coCart areq-coCartesian. This is very similar to the above proof thatq is an inner fibration. A morphism f is coCartesian if and only if for every n ≥ 2 and every commutative diagram
there is a dotted arrow that makes the diagram commute (this is dual to [Lur09, Remark 2.4.1.4]). As above, we can always take the same filler as for the corresponding diagram with C ⊗ in place of C 
Xi induced by taking coCartesian lifts of the inert morphisms X → X i . For the purposes of this argument, the definition of inert does not matter: we simply note that by the same proposition applied to C ⊗ , we do have such an equivalence for C ⊗ instead of C , but as far the authors know, no explicit description has appeared in the literature, which is why we feel justified in giving it in such detail.
2.3. The O-algebra structure on the colimit of a lax O-monoidal functor. For C an O-monoidal category, the ∞-category of O-algebras in C, denoted by Alg /O (C), is defined to be Alg O/O (C), the ∞-category of lax O-monoidal functors O → C. Unwinding the definitions we see that O-algebras in C are sections of the coCartesian fibration C ⊗ → O ⊗ presenting the O-monoidal structure on C; more precisely O-algebras are those sections which are also maps of ∞-operads, i.e., maps sending inert morphisms to inert morphisms.
Theorem 2.8. Let O be an ∞-operad, C be a small O-monoidal ∞-category, and
Remark 2.9. In the case that O has a single object, the conclusion should be thought of as saying that the colimit of the functor F : C → D has a canonical structure of an O-algebra in D.
Remark 2.10. This theorem is due to Lewis [LMSM86, Section IX.7] in the case that C is an ∞-groupoid and D is the category of spectra -and O has a single color. In [ABG11] , the authors prove a similar result under slightly stronger assumptions: that O is coherent and D is an O-algebra object in the ∞-category of presentable ∞-categories (and functors which are left adjoints). 
This M is the desired algebra structure on colimF . To show this we need only check that for each object
induced from the commutative triangle in the top left half of the above square is an operadic colimit diagram relative to q. Now [Lur14, Proposition 3.1.1.16] states that an operadic colimit relative to a coCartesian fibration (here, q) becomes a colimit in each underlying ∞-category D X .
Corollary 2.11. There exists an algebra structure on colim F for each F . In fact, there is a left adjoint to the functor p 
there is a homotopy equivalence
Proof. Unwinding the definition of the slice category [Lur14, Section 2.2.2], we see that the quasi-category
is the simplicial set such that morphisms into it from another simplicial set Z are in bijection with morphisms
(1) The following diagram commutes: This is readily seen to be isomorphic to the simplicial set that is denoted by 
Proof. Just combine Corollary 2.11 and Lemma 2.12.
3. The universal multiplicative property of the Thom spectrum
Let n ≥ 0 and R be an E n+1 -ring spectrum, then the ∞-category of (left) Rmodule spectra, Mod R , can be equipped with the structure of an E n -monoidal ∞-category, see [Lur14, Corollary 5.1.2.6]. This means that we can talk about E n -algebra objects in Mod R . We will call these E n R-algebras and denote the ∞-category they form by Alg En R , that is, we set Alg En R = Alg /En (Mod R ). Our multiplicative Thom spectra will be E n R-algebras.
As in [ABG + 14a], we associate two ∞-groupoids to R:
• Let Pic(R) be the subcategory of invertible R-modules and all equivalences between them, i.e., the core of the subcategory of Mod R on the invertible objects.
• Let BGL 1 R denote the subcategory of modules equivalent to R and all equivalences between them. This is a full subcategory of Pic(R), namely, the component of the R-module R.
By Proposition 2.5 (Mod R ) ≃ inherits an E n -monoidal structure from Mod R . Since the proposed sets of objects for both Pic(R) and BGL 1 R are closed under tensor products, by [Lur14, Proposition 2.2.1.1], both categories inherit the structure of E n -monoidal ∞-groupoids, or equivalently, E n -spaces. By construction both are grouplike.
Definition 3.1. A local system of R-modules on a space X is simply a map f : X → Pic(R). The Thom spectrum of f is given by
This construction of Thom spectrum appears in [ABG
+ 14a] where it is shown to agree with the definitions in [MS06] and [LMSM86] . We will often apply the above definition in the special case that the map f factors through BGL 1 R.
Applying Theorem 2.8 to Mod R we directly obtain Lewis's theorem, or rather the generalization from the sphere spectrum to arbitrary R given in [ABG11] :
Definition 3.3. Given an E n R-algebra A, we define E n -spaces Pic(R) /A and BGL 1 R /A by requiring the following squares to be pullbacks of E n -monoidal categories:
where (Mod R ) /A is the slice of Mod R over the underlying R-module of A.
Alternatively, we could define BGL 1 R /A and Pic(R) /A merely as ∞-groupoids by requiring the above diagram to consist of pullback squares of ∞-categories. They would then inherit E n -monoidal structures from (Mod R ) /A in the same way that BGL 1 R and Pic(R) inherit their structure from Mod R .
Warning 3.4. The above definition is an abuse of notation: Pic(R) /A and BGL 1 R /A are not slice categories. We can think of the objects of Pic(R) as invertible Rmodules M equipped with a map M → A of R-modules, and of the morphisms as commuting triangles where the arrow M → M ′ is an equivalence.
We can now state a characterization of the E n -structure on M f :
Theorem 3.5. Let X be an E n -space and f : X → Pic(R) be an E n -map. The E nalgebra structure of M f is characterized by the following universal property: the space of E n R-algebra maps Map Alg En R (M f, A) is equivalent to the space of E n -lifts of f indicated below:
Proof. Theorem 2.13 tells us directly that Map Alg Notation 3.6. If A is an E n+1 -ring spectrum under R, that is an E n+1 -ring spectrum equipped with an E n+1 -morphism η : R → A, we use Ind A R to denote the cocontinuous E n -monoidal functor Mod R → Mod A induced by η. Since this functors is E n -monoidal, there is also an induced functor Alg
A for which we also use the same notation.
Remark 3.7. In case the E n R-algebra A is actually an E n+1 -ring spectrum under R, we can simplify the description in Theorem 3.5: Ind A R restricts to an E n -monoidal functor Pic(R) → Pic(A), and giving a lift to Pic(R) /A is equivalent to giving a null homotopy of the composite X → Pic(R) → Pic(A), because Pic(R) /A is the fiber of the functor Pic(R) → Pic(A) over the object A ∈ Pic(A). Similar remarks apply to the BGL 1 case.
As a corollary, we easily obtain another of Lewis' results [LMSM86, IX.7.1]. To state it we will use the following notation.
Notation 3.8. For m ≤ n, let Ind En Em be the free E n R-algebra on an E m R-algebra, i.e., the left adjoint to the forgetful functor Alg
Corollary 3.9. For any unital map of spaces f : X → BGL 1 R, there is a natural equivalence
Proof. We will check that both sides represent the same functor on Alg En R ; this yields the claim. Let A be an arbitrary E n R-algebra. By adjunction, we have that A) and by Theorem 3.5, this is the space L 0 of lifts of f to an E 0 -map (i.e., a pointed map) X → BGL 1 R /A . Moreover, and again by Theorem 3.5, Map Alg En r (Mf , A) is the space L n of lifts off to an E n -map Ω n Σ n X → BGL 1 R /A . Since Ω n Σ n X is the free E n -space on the pointed space X, the solid vertical maps (induced by composition with the unit X → Ω n Σ n X) in the following diagram of fiber sequences are equivalences:
It follows that the induced map L 0 → L n is an equivalence, too.
Remark 3.10. This result also effortlessly extends to more general operads in place of E n , which in fact is the version proved by Lewis. We can replace E 0 as well; for example, the same argument as used above also proves that if f is an m-fold loop map andf denotes the universal extension to an n-fold loop for n ≥ m, then Ind
3.1. E n -orientations. The Thom spectrum M G for a topological group G → O arises classically in the theory of orientations of vector bundles, representing the universal cohomology theory that orients manifolds with structure group G. This point of view admits a generalization to E n -ring spectra, as we briefly summarize now; see [ABG + 14a] and [ABG + 14b] for a comparison of the various notions of orientations in the E 1 and E ∞ cases, as well as [ABG11] .
If n > 0 and A is an E n+1 -ring spectrum under R (see Notation 3.6), we let B(R, A) be the full subgroupoid of Pic(R) /A consisting of morphisms of R-modules h : M → A such that the adjointh : Ind A R (M ) → A is an equivalence. This set of objects is closed under tensor products and so B(R, A) inherits an E n -monoidal structure from Pic(R) /A . The space is constructed so that E n -lifts of f to B(R, A) correspond to A-orientations of the bundle classified by f .
We can also describe B(R, A) as a pullback:
Notice that B(A, A), the space of trivialized A-modules, is what is denoted by A-triv in [ABG + 14a].
Lemma 3.11. If X is grouplike, the lifts of f : X → Pic(R) considered above factor canonically through B(R, A).
Proof. A lift gives for each point x ∈ X an R-linear map α x : f (x) → A. If we have at least one multiplication on X and inverses for it, the map α
A is homotopic to the unit R → A and thus is an equivalence when induced up to A.
We can now give an alternative proof and mild generalization of the description of E n -orientations of ring spectra due to Chadwick and Mandell, see [CM13, Theorem 3.2]. While their argument uses the general Thom isomorphism, we deduce this result directly from the universal property of Thom ring spectra.
Corollary 3.12. Let f : X → BGL 1 R be an n-fold loop map and let A be a E n+1 -ring spectrum under R. The space of E n R-algebra maps from M f to A (regarded as an E n R-algebra) is either empty or equivalent to the space of E n R-algebra maps from
Proof. As explained in Remark 3.7, in this setting the space Map Alg 
Here we have labeled the arrows from * by the maps they pick out and c A denotes the constant map with value the base point of BGL 1 A which, when thought of as a functor, is the constant functor with value A ∈ Mod A . Now, the E n R-algebra R ⊗ Σ ∞ + X is the Thom spectrum of c R , so by the same reasoning as above we have the following pullback square:
Since Ind 4. Thom spectra as versal E n -algebras 4.1. Characteristics of ring spectra. Let 0 ≤ n ≤ ∞ be an integer or ∞ and consider an E n+1 -ring spectrum R with associated category Mod R of left R-module. As explained above, this category admits a monoidal product ⊗ = ⊗ R equipping it with the structure of an E n -monoidal category, so that there is a category Alg En R of E n -algebras over R.
We now extend the definition of characteristic introduced in [Szy12, Szy13] in two ways: Firstly, we allow arbitrary homotopy classes S k → R in non-negative degrees and secondly we consider E n -algebras. For background and further results in the E ∞ case we refer to Szymik's papers.
Definition 4.1. Given k ≥ 0 and χ ∈ π k R thought of as an R-linear map Σ k R → R, an algebra A ∈ Alg En R with unit η : R → A is said to be of characteristic χ if
Remark 4.2. If n ≥ 1 and A ∈ Alg En R is of characteristic p, then the existence of the multiplication map µ : A ⊗ R A → A shows p · id A = 0. However, note that for n = 0 an algebra being of characteristic p does not imply p · id A is null, as the mod 2 Moore spectrum demonstrates. Definition 4.3. For a given χ : Σ k R → R, we define the versal R-algebra R En χ of characteristic χ as the following pushout in Alg En R :
En R is the free E n R-algebra functor, the left adjoint to the forgetful functor Alg En R → Mod R .
•ḡ : F En M → N denotes the algebra map which is adjoint to the R-linear map M → N with N ∈ Alg En R . When there is no risk of confusion, we shall write R χ instead of R En χ.
The versal E n R-algebra R χ admits a different characterization as the free E n R-algebra on the pointed spectrum
. More generally we have: Lemma 4.4. Let 0 ≤ m ≤ n, then the following E n R-algebras are equivalent:
(1) The versal characteristic χ algebra R En χ, (2) the free E n R-algebra Ind
On the other hand, since Ind En Em preserves the initial R-algebra R and Ind
En
Em F Em ≃ F En , this diagram is naturally equivalent to the pushout square
hence it follows immediately that R En χ is equivalent to Ind En Em (R Em χ). To prove that R En χ is equivalent to the coequalizer C R (χ), we observe that both algebras corepresent the same functor on Alg En R , which maps a given algebra A with unit map η to the space of null-homotopies of the composite
There is a Thom-isomorphism type lemma for algebras of a given characteristic, which is a straightforward generalization of [Szy12, Prop. 3.2].
Lemma 4.5. Let n ≥ 1 and suppose η : R → A is a map of E n+1 -ring spectra where A has characteristic χ, then there is a natural equivalence of E n A-algebras
The two algebras in question are constructed as pushouts in Alg
A is homotopic to 0 if A has characteristic χ, the two diagrams become equivalent after applying the functor Ind 
otherwise the mapping space is empty.
Proof. The proof of [Szy12, Cor. 2.9] generalizes effortlessly: By definition of R χ as an E n -algebra, there exists a pullback square
the two points lie in the same component of Ω ∞ A, and empty otherwise.
In other words, specializing to the case in which χ is the multiplication by p map we see that Map Alg 
where the right vertical map picks out the constant map with value the unit η ∈ Hom R (R, A) = Ω ∞ A.
Proof. If we regard GL 1 R as the space of R-linear self-equivalences of R, it acts on Hom R (R, A) by pre-composition. This induces a map η * : GL 1 R → Hom R (R, A) defined by g → η • g, where η : R → A is the unit of A. Let GL 1 R /A be the fiber of this map at the point η ∈ Hom R (R, A), so that GL 1 R /A can be thought of as the space of automorphisms g of R compatible with η -in the sense that η • g is homotopic to η. This GL 1 R /A can alternatively be described as the space of endomorphisms of the object η in the ∞-groupoid BGL 1 R /A . In other words,
This shows that Map * (S k , GL 1 R) = Map * (S k+1 , BGL 1 R) and similarly for GL 1 R /A . Therefore, applying Map * (S k , −) to the pullback square
gives the desired result.
Definition 4.8. Suppose given a map f : S k+1 → BGL 1 R and letf : Σ k R → R be the associated homotopy class. The characteristic χ(f ) : Σ k R → R associated with f is then defined by
Proposition 4.9. If f : S k+1 → BGL 1 R is a based map andf : Ω n Σ n S k+1 → BGL 1 R is the corresponding n-fold loop map, then for any A ∈ Alg En R , there is an equivalence of spaces
if A has characteristic χ(f ); otherwise, the mapping space is empty.
Proof. By Corollary 3.9, it suffices to prove that Alg
To this end, let A be a unital R-module and consider the following commutative diagram of spaces
The left square is a pullback by the universal property of Thom spectra (Theorem 3.5), while the right square is one due to Lemma 4.7. Hence the outer rectangle is a pullback square.
The right vertical arrow η is induced by * → Ω ∞ A corresponding to the unit η of A, so
This explains the distinction of the two cases appearing in Definition 4.8: the pullback is non-empty if k = 0 and η * f ≃ η, or if k > 0 and η * f ≃ 0.
We thus obtain:
Theorem 4.10. For any n ≥ 0 and f : S k+1 → BGL 1 R with corresponding n-fold loop mapf : Ω n Σ n S k+1 → BGL 1 R and with associated characteristic χ = χ(f ), there is an equivalence Mf = R En χ of E n R-algebras.
Proof. In view of Proposition 4.9 and Lemma 4.6, M F En f and R χ corepresent the same functor on Alg En R , hence they are equivalent as E n R-algebras. Remark 4.11. An alternative proof of Theorem 4.10 starts with Corollary 3.9 to first reduce the claim to the E 0 case, and then identifies the Thom spectrum with the versal characteristic χ E 0 -algebra. The latter statement admits a direct and easy computational proof, as can be found for example in [MRS01, Lemma 3.3] for the case f = (p − 1).
Applications
5.1. A special case: the Hopkins-Mahowald theorem. In this section we will assume that all spaces and spectra are implicitly p-complete for some prime p. Let f p : S 1 → BGL 1 (S 0 ) be the map corresponding to the element 1 − p ∈ Z × p ∼ = π 1 BGL 1 (S 0 ) andf p the extension of f p to a double loop map, making the following diagram commute: Proof. The equivalence of Mf p and S 0 p as E 2 -algebras is a special case of Theorem 4.10. In order to prove that these algebras are also equivalent to HF p viewed as an E 2 -algebra, we observe that there exists a (canonical) map of connective E 2 -algebras φ : S 0 p / / HF p witnessing the homotopy p ∼ 0, because HF p is of characteristic p and π 1 HF p = 0. Taking A = HF p in Lemma 4.5 and using the computation [CLM76] of the homology of free E 2 -algebras shows that
the dual of the mod p Steenrod algebra. Moreover, the HF p E 2 -algebra morphism
Unwinding the construction, we see that this map picks out the fundamental class, so the equivalence of (2) and (3) follows.
Remark 5.2. The reader might wonder why the above argument does not apply to the unique (up to contractible choice) map ψ : F E2 S 1 → HF p to imply that F E2 S 1 ≃ S 0 p. This conclusion is false since the two algebras corepresent different functors: F E2 S 1 corepresents Ω ∞+1 , while the functor corepresented by S 0 p only agrees with that on E n -algebras of characteristic p by Lemma 4.6.
The reason the argument does not apply is that the algebra map ψ ⊗F p : F E2 S 1 ⊗ HF p → HF p ⊗ HF p does not correspond to a non-zero multiply of the fundamental class, so it is not an equivalence. This also shows that, in general, the equivalence in Lemma 4.5 does not arise from a morphism of algebras
This result can be used to show that HZ is the Thom spectrum of a map g : Ω 2 (S 3 3 ) → BGL 1 S 0 . We will not present the details since they do not involve Theorem 3.5. For a proof that HZ is equivalent to a Thom spectrum as a homotopy commutative ring spectrum see [Mah79, Proposition 2.8] or [CMT81] . For an argument that chooses g to be a double loop map and gives an equivalence of E 2 -ring spectra, see [Blu10, Section 9.3].
5.2. Topological Hochschild homology and the cotangent complex. Theorem 4.10 allows to transport results proven for Thom spectra to versal algebras and vice versa. We illustrate this idea with two examples, computing the topological Hochschild homology and the cotangent complex of these algebras. These results generalize previous computations of Szymik [Szy12] . In this section, R is an E ∞ -ring spectrum.
Proposition 5.3. Let R En χ be the versal E n -algebra of characteristic χ corresponding to a mapf : Ω n Σ n S k+1 → BGL 1 R. If either n ≥ 3 or n ≥ 2 and the versal E n -algebra R En χ of characteristic χ admits an E ∞ -refinement, then there is an equivalence
Proof. Using Theorem 4.10, it is enough to compute the topological Hochschild homology of Mf . If n ≥ 3, the claim thus follows from [BCS10, Thm. 3], while the n ≥ 2 case is covered by [Blu10, 1.6].
The deformation theory of an E n R-algebra A is captured by its E n -cotangent complex L (n)
A , considered as an object in the E n -monoidal category Mod En A = Sp((Alg En R ) /A ) of E n A-modules, see [Fra13] or [Lur14] . Proposition 5.4. If n ≥ 1 and R En χ a the versal E n -algebra of characteristic χ : Σ k R → R, then there is an equivalence
of E n R En χ-modules.
Proof. Firstly, the cotangent complex of the free E n -algebra F En Σ k R can be computed as an E n F En Σ k R-module using [Fra13, 2.12, 2.25] as follows:
where denotes factorization homology. Secondly, the natural cofiber sequence for computing the relative cotangent complex [Fra13, 2.11] specializes to give a cofiber sequence
R is contractible, we get
The base-change formula [Lur14, 7.3.3 .7] applied to the defining pushout diagram
of E n R χ-modules.
By Theorem 4.10, we can translate this result immediately into a statement about the E n -cotangent complex of certain Thom spectra.
Corollary 5.5. Let n ≥ 1 and f : S k+1 → BGL 1 (R) with corresponding n-fold loop mapf : Ω n Σ n S k+1 → BGL 1 (R), then there is an equivalence
of E n Mf -modules.
Thom categories.
One of the main limitations of the methods of Section 4 is that they only allow the construction of algebras associated with elements in nonnegative homotopy groups of R, because BGL 1 R is determined by Ω ∞ R. However, there are interesting and important examples of versal algebras of characteristic χ corresponding to homotopy classes in negative degree. One prominent example is the spectrum T ζ = L K(1) S 0 E∞ ζ obtained by coning off the Hopkins-Miller class ζ ∈ π −1 L K(1) S 0 , which plays a key role in the construction of the K(1)-local piece of the spectrum of topological modular forms and the K(1)-local Witten orientation due to Hopkins [Hop] and Laures [Lau04] .
One potential remedy is to replace GL 1 R by its two-fold delooping Br(R), which classifies Azumaya algebras over R, and to consider the following colimit of presentable R-linear ∞-categories:
Our Theorem 2.13 implies that this Thom category M(f ) satisfies a universal property similar to the Thom spectrum.
Returning to the example T ζ, this approach is reasonable in view of Clausen's result [Cla12] saying that Rezk's logarithm [Rez06] induces an equivalence
at least at odd primes. Consequently, there is a map f ζ : S 1 → Br(L K(1) S 0 ) associated with ζ. In current work in progress, we are studying Thom categories in general, and specifically the symmetric monoidal ∞-category M(Qf ζ ).
